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Brownian motion with respet to time-hanging
Riemannian metris, appliations to Rii ow
K.A. Coulibaly
Abstrat
We generalize Brownian motion on a Riemannian manifold to the ase of
a family of metris whih depends on time. Suh questions are natural for
equations like the heat equation with respet to time dependent Laplaians
(inhomogeneous diusions). In this paper we are in partiular interested in
the Rii ow whih provides an intrinsi family of time dependent metris.
We give a notion of parallel transport along this Brownian motion, and es-
tablish a generalization of the Dohrn-Guerra or damped parallel transport,
Bismut integration by part formulas, and gradient estimate formulas. One of
our main results is a haraterization of the Rii ow in terms of the damped
parallel transport. At the end of the paper we give a anonial denition of
the damped parallel transport in terms of stohasti ows, and derive an in-
trinsi martingale whih may provide information about singularities of the
ow.
1 g(t)-Brownian motion
Let M be a ompat onneted n-dimensional manifold whih arries a family of
time-dependent Riemannian metris g(t). In this setion we will give a generaliza-
tion of the well known Brownian motion on M whih will depend on the family of
metris. In other words, it will depend on the deformation of the manifold. Suh
family of metris will naturally ome from geometri ows like mean urvature ow
or Rii ow. The ompatness assumption for the manifold is not essential. Let
∇t be the Levi-Civita onnetion assoiated to the metri g(t), ∆t the assoiated
Laplae-Beltrami operator. Let also (Ω, (Ft)t≥0,F ,P) be a omplete probability
spae endowed with a ltration (Ft)t≥0 satisfying ordinary assumptions like right
ontinuity and W be a Rn-valued Brownian motion for this probability spae.
Denition 1.1 Let us take (Ω, (Ft)t≥0,F ,P) and a C1,2-family g(t)t∈[0,T [ of met-
ris over M . An M-valued proess X(x) dened on Ω × [0, T [ is alled a g(t)-
Brownian motion in M started at x ∈ M if X(x) is ontinuous, adapted, and if
1
for every smooth funtion f ,
f(Xs(x))− f(x)− 1
2
∫ s
0
∆tf(Xt(x)) dt
is a loal martingale.
We shall prove existene of this inhomogeneous diusion and give a notion of
parallel transport along this proess.
Let (ei)i∈[1..d] be an orthonormal basis of R
n
, F(M) the frame bundle overM , pi
the projetion toM . For any u ∈ F(M), let Li(t, u) = ht(uei) be the ∇t horizontal
lift of uei and Li(t) the assoiated vetor eld. Further let Vα,β be the anonial
basis of vertial vetor elds over F(M) dened by Vα,β(u) = Dlu(Eα,β) where Eα,β
is the anonial basis of Mn(R) and where
lu : GLn(R)→ F(M)
is the left multipliation. Finally let (O(M), g(t)) be the g(t) orthonormal frame
bundle.
Proposition 1.2 Assume that g(t)t∈[0,T [ is a C
1,2(t, x)-family of metris over M ,
and
A : [0, T [× F(M) → Mn(R)
(t, U) 7→ (Aα,β(t, U))α,β
is loally Lipshitz in U unformly in all ompat of t. Consider the Stratonovih
dierential equation in F(M):{ ∗dUt =∑ni=1 Li(t, Ut) ∗ dW i +∑α,β Aα,β(t, Ut)Vα,β(Ut) dt
U0 ∈ F(M) suh that U0 ∈ (O(M), g(0)). (1.1)
Then there is a unique symmetri hoie for A suh that Ut ∈ (O(M), g(t)). More-
over:
A(t, U) = −1
2
∂1G(t, U),
where (∂1G(t, U))i,j = 〈Uei, Uej〉∂tg(t).
Proof : Let us begin with urves. Let I be a real interval, pi : TM → M the
projetion, V and C in C1(I, TM), two urves suh that
x(t) := pi(V (t)) = pi(C(t)), for all t ∈ I
We want to ompute:
d
dt |t=0
(
〈V (t), C(t)〉g(t,x(t))
)
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We write ∂1g(t, x) for ∂sg(s, x) evaluated at t. Let us express the metri g(t) in
a oordinate system; without loss of generality we an dierentiate at time 0. Let
(x1, ..., xn) be a oordinate system at the point x(0), in whih we have:
V (t) = vi(t)∂xi
C(t) = ci(t)∂xi
g(t, x(t)) = gi,j(t, x(t))dx
i ⊗ dxj
In these loal oordinates we get:
d
dt |t=0
〈V (t), C(t)〉g(t,x(t)) =
d
dt |t=0
gi,j(t, x(t))v
i(t)cj(t)
= (∂1gi,j(0, x)v
i(0)cj(0) +
d
dt |t=0
(gi,j(0, x(t))v
i(t)cj(t))
= ∂1gi,j(0, x)v
i(0)cj(0) +
〈
∇0x˙(0)V (0), C(0)
〉
g(0,x(0))
+
〈
V (0),∇0x˙(0)C(0)
〉
g(0,x(0))
= 〈V (0), C(0)〉∂1g(0,x(0) +
〈
∇0x˙(0)V (0), C(0)
〉
g(0,x(0))
+
〈
V (0),∇0x˙(0)C(0)
〉
g(0,x(0))
.
In order to ompute the g(t) norm of a tangent valued proess we will use what
Malliavin alls the transfer priniple, as explained in [13℄,[12℄.
Reall the equivalene between a given onnetion on a manifold M and a
splitting on TTM , i.e. TTM = H∇TTM ⊕ V TTM [19℄. We have a bijetion:
Vv : Tpi(v)M −→ VvTTM
u 7−→ d
dt
(v + tu)|t=0.
For X, Y ∈ Γ(TM) we have:
∇XY (x) = V−1X(x)((dY (x)(X(x)))v),
where (.)v is the projetion of a vetor in TTM onto the vertial subspae V TTM
parallely to H∇TTM .
For a T (M)-valued proess Tt, we dene:
DS,tTt = (VTt)−1((∗dTt)v,t), (1.2)
where (.)v,t is dened as before but for the onnetion ∇t. The above generalization
makes sense for a tangent valued proess oming from a Stratonovih equation like
Utei, where Ut is a solution of the Stratonovih dierential equation (1.1).
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For the solution Ut of (1.1) we get
d
(
〈Utei, Utej〉g(t,pi(Ut))
)
= 〈Utei, Utej〉∂1g(t,pi(Ut))) dt (1.3)
+
〈
DS,tUtei, Utej
〉
g(t,pi(Ut))
+
〈
Utei, D
S,tUtej
〉
g(t,pi(Ut))
(1.4)
We would like to nd a symmetri A suh that the left hand side of the above
equation vanishes for all time (i.e. Ut ∈ (O(M), g(t))). Denote by evei : F(M)→
TM the ordinary evaluation, and d evei : TF(M)→ TTM its dierential.
It is easy to see that d evei sends V TF(M) to V TTM and sends H∇hTF(M) to
H∇TTM . We obtain:
DS,tUtei =
n∑
α=1
Aα,i(t, Ut)Uteα dt. (1.5)
For simpliity, we take for notation: (∂1G(t, U))i,j = 〈Uei, Uej〉∂tg(t) and
(G(t, U))i,j = 〈Uei, Uej〉g(t) .
It is now easy to nd the ondition for A:
(G(t, Ut)A(t, Ut))j,i + (G(t, Ut)A(t, Ut))i,j = −(∂1G(t, Ut))i,j (1.6)
Given orthogonality G(t, Ut) = Id and so by (1.6) A diers from −12∂1G by skew
symmetri matrie, therefore will be equal to it if we demand symmetry. Conversely
if A = −1
2
∂1G then by (1.3) and equation (1.2) we see G(t, Ut) = Id.
Remark : The SDE in proposition 1.2 does not explode beause on any
ompat time interval all oeients and their derivatives up to order 2 in spae
and order 1 in time are bounded.
Remark : The ondition of symmetry is linked to a good denition of parallel
transport with moving metris in some sense.
To see where the ondition of symmetry omes from we may observe what
happens in the onstant metri ase. It is easy to see that the usual denition
of parallel transport along a semi-martingale whih depends on the vanishing of
the Stratonovih integral of onnetion form, is equivalent to isometry and the
symmetry ondition for the drift in the following SDE in F(M):
dU˜t =
∑d
i=1 Li(U˜t) ∗ dW i + A(U˜t)α,βVα,β(U˜t) dt
U˜0 ∈ (O(M), g)
U˜t ∈ (O(M), g) (isometry)
A(., .)α,β ∈ S(n) (vertial evolution).
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Remark : Isometry of Ut fores A to be skeew symmetri by (1.6), the symmetry
of A give A = 0. We get the usual stohasti dierential equation of the parallel
transport in onstante metri ase.
The next proposition is a diret adaptation of a proposition in [15℄, page 42;
hene the proof is omitted.
Proposition 1.3 Let α ∈ Γ(T ∗M) and Fα : F(M)→ Rd, F iα(u) = αpi(u)(uei) its
salarization. Then, for all A ∈ Γ(TM),
(∇Aα)pi(u)(uei) = h(Api(u))F iα.
Consequently, for all u ∈ F(M),
(∇g(t)A df)pi(u)(uei) = hg(t)(Api(u))F idf
and for f ∈ C∞(M),
Li(t)(f ◦ pi)(u) = d(f ◦ pi)Li(t, u)
= F idf (u).
Hene we have the formula:
Li(t)Lj(t)(f ◦ pi)(u) = hg(t)(uei)F jdf
= (∇g(t)uei df)(uej)
= ∇g(t)df(uei, uej).
Proposition 1.4 Take x ∈M and the SDE in F(M):{ ∗dUt =∑ni=1 Li(t, Ut) ∗ dW i − 12∂1G(t, Ut)α,βVα,β(Ut) dt
U0 ∈ F(M) suh that U0 ∈ (Ox(M), g(0)). (1.7)
Then Xt(x) = pi(Ut) is a g(t)-Brownian motion, whih we note g(t)-BM(x).
Proof : For f ∈ C∞(M),
d(f ◦ pi ◦ Ut) =
∑n
i=1 Li(t)(f ◦ pi)(Ut) ∗ dW i
=
∑n
i=1 Li(t)(f ◦ pi)(Ut)dW i + 12
∑n
i,j=1Li(t)Lj(t)(f ◦ pi)dW idW j
dM≡ 1
2
∑n
i=1∇g(t)df(Utei, Utei) dt
dM≡ 1
2
∆tf(pi ◦ Ut) dt.
The last equality omes from the fat that Ut ∈ (O(M), g(t)).
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Remark : Reall that in the ompat ase the lifetime of equation (1.7) is
deterministi and the same as the lifetime of the metris family.
Let Ut be the solution of (1.7). We will write //0,t = Ut ◦ U−10 the g(t) parallel
transport over a g(t)-Brownian motion ( we all it parallel transport beause it is
a natural extention of the usual parallel transport in the onstante metri ase).
As usual it is an isometry:
//0,t : (TX0M, g(0))→ (TXtM, g(t)).
We also get a development formula. Take an orthonormal basis (v1, ..., vn) of
(TX0M, g(0)), and Xt(x) a g(t)-Brownian motion of proposition 1.4; then
∗dXt(x) = //0,tvi ∗ dW it .
For f ∈ C2(M) we get the It formula:
df(Xt(x)) = 〈∇tf, //0,tvi〉tdW i + 1
2
∆t(f)(Xt(x)) dt. (1.8)
We will now give examples of g(t)-Brownian motion. Let (Sn, g(0)) be a sphere
and the solution of the Rii ow:
∂
∂t
g(t) = −2Rit that is g(t) = (1−2(n−1)t)g(0)
with explosion time Tc =
1
2(n−1)
. We will use the fat that all metris are onformal
to the initial metri to express the g(t)-Brownian motion in terms of the g(0)-
Brownian motion. Let f ∈ C2(Sn), Xt(x) be a g(t)-Brownian motion starting
at x ∈ Sn, Bt some real-valued Brownian motion, and Bt(x) a Sn valued g(0)-
Brownian motion. Then:
df(Xt(x)) =‖ ∇tf(Xt(x)) ‖g(t) dBt + 1
2
(
1
1− 2(n− 1)t
)
∆0f(Xt(x)) dt.
We have:
‖ ∇tf ‖2g(t)=
1
1− 2(n− 1)t ‖ ∇
0f ‖20 .
Let
τ(t) =
∫ t
0
1
1− 2(n− 1)s ds,
then
τ(t) =
ln(1− 2(n− 1)t)
−2(n− 1) , τ
−1(t) =
e−2(n−1)t − 1
−2(n− 1) .
We have the equality in law:
(X.(x))
L
= (Bτ(.)(x)).
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We have a similar result for the hyperboli ase: Let (Hn(−1), g(0)) be the
hyperboli spae with onstant urvature −1. Then g(t) = (1 + 2(n − 1)t)g(0) is
the solution of the Rii ow. Let Xt(x) be a g(t)-Brownian motion starting at
x ∈ Sn,and Bt(x) an Hn-valued g(0)-Brownian motion. Then:
τ(t) =
∫ t
0
1
1 + 2(n− 1)s ds,
and in law:
(X.(x))
L
= (Bτ(.)(x)).
Let us look at what happens for some limit of the Rii ow, the so alled
Hamilton igar manifold ([5℄). Let on R2, g(0, x) = 1
1+‖x‖2
gcan be the Hamilton
igar , where ‖ . ‖ is the Eulidean norm. Then the solution to the Rii ow
is given by g(t, x) = 1+‖x‖
2
e4t+‖x‖2
g(0, x). Let f ∈ C2(R2), Xt(x) be a g(t)-Brownian
motion starting at x ∈ R2, Bt a real-valued Brownian motion, and Bt(x) some R2
valued g(0)-Brownian motion. Then:
df(Xt(x)) =‖ ∇tf(Xt(x)) ‖g(t) dBt + 1
2
e4t+ ‖ Xt(x) ‖2
1+ ‖ Xt(x) ‖2 ∆0f(Xt(x)) dt.
We have:
∇tf(x) = e
4t+ ‖ x ‖2
1+ ‖ x ‖2 ∇
0f(x),
‖ ∇tf(x) ‖2t=
e4t+ ‖ x ‖2
1+ ‖ x ‖2 ‖ ∇
0f(x) ‖20,
∆tf =
e4t+ ‖ x ‖2
1+ ‖ x ‖2 ∆0f.
We set:
τ(t) =
∫ t
0
e4s+ ‖ Xs(x) ‖2
1+ ‖ Xs(x) ‖2 ds.
Then in law:
(X.(x))
L
= (Bτ(.)(x))
Remark : If Xt(x) is a g(t)-Brownian motion assoiated to a Rii ow
started at g(0) then Xt/c(x) is a cg(t/c)-Brownian motion assoiated to a Rii
ow started at cg(0) so it is ompatible with the blow up.
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2 Loal expression, evolution equation for the den-
sity, onjugate heat equation
We begin this setion by expressing a g(t)-Brownian motion in loal oordinates.
Proposition 2.1 Let x ∈M , (x1, ..., xn) be loal oordinates around x, and Xt(x)
a g(t)-Brownian motion. Before the exit time of the domain of oordinates, we
have:
dX it(x) =
√
g−1(t, Xt(x))i,jdB
j − 1
2
gk,lΓikl(t, Xt(x)) dt
where we denote
√
g−1(t, Xt(x))i,j the unique positive square root of the inverse to
the matrix (g(t, ∂xi, ∂xj ))i,j; here Γ
i
kl(t, Xt(x)) are the Christoel symbols assoiated
to ∇g(t), and Bi are n independent Brownian motion.
Proof : From the It equation 1.8, we get:
dX it(x) = 〈∇txi, //0,tvl〉g(t)dW l +
1
2
∆tx
i(Xt(x))dt,
where (v1, ..., vn) is a g(0)-orthogonal basis of TxM . By the usual expression of the
Laplaian in oordinates:
∆tx
i(Xt(x)) = −gl,kΓikl(t, Xt(x)),
and the gradient expression of the oordinates funtions:
∇txi = g(t)i,j ∂
∂xj
,
we have:
dX it(x) = g(t)
i,j〈 ∂
∂xj
, //0,tvl〉g(t)dW l − 1
2
gl,kΓikl(t, Xt(x)) dt
=
∑
m
√
g(t)i,m〈
√
g(t)m,j
∂
∂xj
, //0,tvl〉g(t)dW l − 1
2
gl,kΓikl(t, Xt(x)) dt
=
√
g(t)i,mdBm − 1
2
gl,kΓikl(t, Xt(x)) dt ,
where dBm = 〈√g(t)m,j ∂
∂xj
, //0,tvl〉g(t)dW l. By the isometry property of the paral-
lel transport and Lévy's theorem B = (B1, ..., Bn) is a Brownian motion in Rn.
8
Remark : The above equation is similar to the equation in the xed metri
ase.
Now we shall study the evolution equation for the density of the law of the
g(t)-Brownian motion. Let Xt(x) be a g(t)-BM(x), and dµt the Lebesgue measure
over (M, g(t)). Xt(x) is a diusion with generator ∆t, we have the smoothness of
the density (e.g. [22℄). Let hx(t, y) ∈ C∞(]0, T [×M) suh that:{
Xt(x)
L
= hx(t, y)dµt(y), t > 0
X0(x)
L
= δx.
By the ontinuity of Xt(x) and the dominated onvergene theorem we get the
onvergene in law:
L
lim
t→0
Xt(x) = δx.
We write in a loal hart the expression of dµt in terms of dµ0, i.e.,
dµt =
√
det(gi,j(t))√
det(gi,j(0))
√
det(gi,j(0))|dx1 ∧ dx2 ∧ ... ∧ dxn|
and we note:
µt(dy) = ψ(t, y)µ0(dy).
Proposition 2.2
d
dt
(hx(t, y)) + hx(t, y)Tr
(
1
2
(g−1(t, y))
d
dt
g(t, y)
)
=
1
2
∆g(t)h
x(t, y)
L
lim
t→0
hx(t, y)dµt = δx.
Proof : For f ∈ C∞(M), t > 0, by denition of Xt(x) we have:
E[f(Xt(x))]− f(x) = 12E
[ ∫ t
0
∆g(s)f(Xs(x)) ds
]
d
dt
E[f(Xt(x))] =
1
2
E[∆g(t)f(Xt(x))],
i.e.:
d
dt
∫
M
hx(t, y)f(y)µt(dy) =
1
2
∫
M
∆g(t)f(y)h
x(t, y)µt(dy)
= 1
2
∫
M
f(y)∆g(t)h
x(t, y)µt(dy).
The last equality omes from Green's theorem and the ompatness of the manifold.
By hanging µt(dy) = ψ(t, y)µ0(dy) in the left hand side, we have:∫
M
f(y)
d
dt
(hx(t, y)ψ(t, y))µ0(dy) =
1
2
∫
M
f(y)(∆g(t)h
x(t, y))ψ(t, y))µ0(dy)
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so:
d
dt
(hx(t, y)ψ(t, y)) =
1
2
(∆g(t)h
x(t, y))ψ(t, y)) (2.1)
We also have by determinant dierentiation:
d
dt
ψ(t, y) =
1
2
√
det(gi,j(0))
1√
det(gi,j(t))
det(gi,j(t)) Tr
(
g−1(t, y)
d
dt
g(t, y)
)
=
1
2
ψ(t, y) tr
(
g−1(t, y)
d
dt
g(t, y)
)
.
The part Tr
(
1
2
g−1(t, y) d
dt
g(t, y)
)
is intrinsi, it does not depend on the hoie
of the hart. Hene (2.1) gives the following inhomogeneous reation-diusion
equation:
d
dt
(hx(t, y)) + hx(t, y)tr
(
1
2
g−1(t, y)
d
dt
g(t, y)
)
=
1
2
∆g(t)h
x(t, y).
We will give as example the evolution equation of the density in the ase where
the family of metris omes from the forward (and resp. bakward) Rii ow.
From now Rii ow will mean (probabilisti onvention):
d
dt
gi,j = −Rii,j . (2.2)
(respetively)
d
dt
gi,j = Rii,j . (2.3)
Remark : Hamilton in [14℄, and later DeTurk in [7℄ have shown existene
in small times of suh ow. In this setion we don't are about the real existene
time.
For x ∈M , we will denote by S(t, x) the salar urvature at the point x for the
metri g(t).
Corollary 2.3 For the bakward Rii ow (2.3), we have:
d
dt
(hx(t, y)) +
1
2
hx(t, y)S(t, y) =
1
2
∆g(t)h
x(t, y)
L
lim
t→0
hx(t, y)dµt = δx.
For the forward Rii ow (2.2), we have:
d
dt
(hx(t, y))− 1
2
hx(t, y)S(t, y) =
1
2
∆g(t)h
x(t, y)
L
lim
t→0
hx(t, y)dµt = δx.
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Remark : These equations are onservative. This is not the ase for the ordi-
nary heat equation with time depending Laplaian i.e. ∆g(t). They are onjugate
heat equations whih are well known in the Rii ow theory (e.g. [24℄).
3 Damped parallel transport, and Bismut formula
for Rii ow, appliations to Rii ow for sur-
faes
In this setion, we will be interested in the heat equation under the Rii ow. The
prinipal fat is that under forward Rii ow, the damped parallel transport or
Dohrn-Guerra transport is the parallel transport dened before. The deformation
of geometry under the Rii ow ompensates the deformation of the parallel trans-
port (i.e. the Rii term in the usual formula for the damped parallel transport
in onstant metri ase see ([9℄, [23℄, [10℄)). The isometry property of the damped
parallel transport turns out to be an advantage for omputations. In partiular, for
gradient estimate formulas, everything looks like in the ase of a Rii at manifold
with onstant metri. We begin with a general result independent of the fat that
the ow is a Rii ow. Let g(t)[0,Tc[ be a C
1,2
family of metris, and onsider the
heat equation: {
∂tf(t, x) =
1
2
∆tf(t, x)
f(0, x) = f0(x),
(3.1)
where f0 is a funtion over M . We suppose that the solution of (3.1) exists until
Tc. For T < Tc, let X
T
t be a g(T − t)-Brownian motion, //T0,t the assoiated parallel
transport.
Denition 3.1 We dene the damped parallel transport W
T
0,t as the solution of:
∗d((//T0,t)−1(WT0,t)) = −
1
2
(//T0,t)
−1(Rig(T−t)−∂t(g(T − t)))#g(T−t)(WT0,t) dt
with
W
T
0,t : TxM −→ TXTt (x)M,WT0,0 = IdTxM .
Theorem 3.2 For every solution f(t, .) of (3.1), and for all v ∈ TxM ,
df(T − t, .)XTt (x)(WT0,tv)
is a loal martingale.
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Proof : Reall the equation of a parallel transport over the g(T − t)-Brownian
motion XTt (x):{ ∗dUTt =∑di=1 Li(T − t, UTt ) ∗ dW i − 12∂t(g(T − t))(UTt eα, UTt eβ)Vα,β(UTt ) dt
UT0 ∈ (Ox(M), g(T )).
(3.2)
For f ∈ C∞(M), its salarization:
d˜f : F(M) −→ Rn
U 7−→ (df(Ue1), ..., df(Uen)),
yields the following formula in Rn:
df(T − t, .)XTt (x)(WT0,tv) = 〈d˜f(T − t, UTt ), (UTt )−1WT0,tv〉Rn,
for every v ∈ TxM . To reall the notation let:
evei : F(M) −→ TM
U 7−→ Uei
and reall that UTt , solution of (3.2), is a diusion assoiated to the generator
1
2
∆HT−t −
1
2
∂t(g(T − t))(evei(.), evej(.))Vi,j(.)
where ∆HT−t is the horizontal Laplaian in M, assoiated to the metri g(T − t).
In the It sense, we get:
d(df(T − t, .)XTt (x)(WT0,t)v) = d〈d˜f(T − t, UTt ), (UTt )−1WT0,tv〉Rn
dM≡ 〈−( d
dt
d˜f)(T − t, .)(UTt )dt+ [
1
2
∆HT−td˜f(T − t, .)
− 1
2
∂t(g(T − t))(evei ., evej .)Vi,j(.)d˜f(T − t, .)](UTt ) dt, (UTt )−1WT0,tv〉Rn
+ 〈(d˜f(T − t, UTt )), (UT0 )−1d((//T0,t)−1(WT0,t))v〉Rn
dM≡ −( d
dt
df)(T − t, .)((WT0,t))v) dt+ 〈[
1
2
∆HT−td˜f(T − t, .)
− 1
2
∂t(g(T − t))(evei ., evej)Vi,j(.)d˜f(T − t, .)](UTt ) dt, (UTt )−1WT0,tv〉Rn
− 1
2
〈(d˜f(T − t, UTt )), (UT0 )−1(//T0,t)−1(Rig(T−t)−∂t(g(T − t)))#g(T−t)(WT0,t)v dt〉Rn .
We shall make separate omputations for eah term in the previous equality. Using
the well known formula (e.g. [15℄, page 193)
∆H d˜f = ∆˜df,
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we rst note that:
〈1
2
∆HT−td˜f(T − t, .)(UTt ), (UTt )−1WT0,tv dt〉Rn
= 1
2
〈∆˜T−tdf(T − t, .)(UTt ), (UTt )−1WT0,tv〉Rn dt
= 1
2
∆T−tdf(T − t, .)(WT0,tv) dt,
By denition:
Vi,jd˜f(u) =
d
dt
|t=0d˜f(u(Id+tEij))
= d
dt
|t=0(df(u(Id+tEij)es))s=1..n
= (df(uδsi ej))s=1..n
= (0, ..., 0, df(uej), 0, ..., 0) i-th position,
so that:∑
ij ∂t(g(T − t))(evei ., evej .)Vi,j(.)d˜f(T − t, .)(UTt ) dt
=
∑
ij ∂t(g(T − t))(UTt ei, UTt ej)df(UTt ej)ei dt
= (〈∇T−tf(T − t, .),∑j ∂t(g(T − t))(UTt ei, UTt ej)UTt ej〉T−t dt)i=1..n
= (df(T − t, ∂t(g(T − t))#T−t(UTt ei)) dt)i=1..n.
Then
d(df(T − t, .)XTt (x)((WT0,t)v))
dM≡ − d
dt
df(T − t, .)((WT0,tv) dt
−1
2
〈(df(T − t, ∂t(g(T − t))#T−t(UTt ei)))i=1..n, (UTt )−1WT0,tv〉Rn dt
+1
2
∆T−tdf(T − t, .)(WT0,tv) dt
−1
2
〈(d˜f(T − t, UTt )), (UT0 )−1(//T0,t)−1(Rig(T−t)−∂t(g(T − t))#g(T−t)(WT0,t)v dt〉Rn.
By the fat that UTt is a g(T − t)-isometry we have:
〈(df(T − t, ∂t(g(T − t))#T−t(UTt ei)))i=1..n, (UTt )−1WT0,tv〉Rn
= 〈∑i ∂t(g(T − t))(UTt ei,∇T−tf(T − t, .))ei, (UTt )−1WT0,tv〉Rn
= 〈∑i ∂t(g(T − t))(UTt ei,∇T−tf(T − t, .))UTt ei,WT0,tv〉T−t
= 〈∂t(g(T − t))#T−t(WT0,tv),∇T−tf(T − t, .)〉T−t,
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Consequently:
d(df(T − t, .)XTt (x)(WT0,tv))
dM≡ − d
dt
df(T − t, .)(WT0,tv) dt
− 1
2
〈∇T−tf(T − t, .), ∂t(g(T − t))#T−t(WT0,tv)〉T−t dt
+
1
2
∆T−tdf(T − t, .)(WT0,tv) dt
− 1
2
〈(d˜f(T − t, UTt )), (UTt )−1(Rig(T−t)−∂t(g(T − t)))#g(T−t)(WT0,t)v dt〉Rn
dM≡ − d
dt
df(T − t, .)(WT0,tv) dt+
1
2
∆T−tdf(T − t, .)(WT0,tv) dt
− 1
2
df(T − t,Ri#g(T−t)g(T−t) (WT0,tv) dt.
But reall that f is a solution of:
∂
∂t
f =
1
2
∆tf,
so that
− ∂
∂t
df(T − t, .) = −1
2
d∆T−tf(T − t, .).
We shall use the Hodge-de Rham Laplaian T−t = −(dδT−t + δT−td) whih om-
mutes with the de Rham dierential, and we shall use the well-known Weitzenbök
formula ([16, 17℄), whih says that for θ a 1-form, T−tθ = ∆T−tθ − RiT−t θ. We
get:
d∆T−tf(T − t, .) = dT−tf(T − t, .)
= T−tdf(T − t, .)
= ∆T−tdf(T − t, .)−RiT−t df(T − t, .).
Finally:
d(df(T − t, .)XTt (x)(WT0,tv))
dM≡ 1
2
RiT−t df(T − t, .)(WT0,tv) dt
−1
2
〈∇T−tf(T − t, .),Ri#T−tT−t (WT0,tv)〉T−t dt
dM≡ 0,
by duality; for a 1-form θ and for v ∈ TM :
Ri(θ)(v) = Ri(θ#, v.)
where〈θ#, v〉 = θ(v) .
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Remark : For the forward Rii ow, we have:
//T0,t ∗ d((//T0,t)−1WT0,t) = 0.
For the bakward Rii ow, we have:
//T0,t ∗ d((//T0,t)−1WT0,t) = −Ri#T−tT−t (WT0,t) dt.
When the family of metris is onstant, we have the usual damped parallel
transport, wih saties:
//0,t ∗ d((//0,t)−1W0,t) = −1
2
Ri
#(W0,t) dt.
Remark : Roughly speaking, the result says that the deformation of the met-
ri under Rii ow makes the damped parallel transport behaves like the damped
parallel transport in the ase of a onstant metri with at Rii urvature.
For the heat equation under the forward Rii ow, we take the probabilisti
onvention: 
∂tf(t, x) =
1
2
∆tf(t, x)
d
dt
gi,j = −Rii,j
f(0, x) = f0(x)
(3.3)
We shall give a Bismut type formula and a gradient estimate formula for the
above equation. For notation, let Tc be the maximal life time of the forward Rii
ow g(t)t∈[0,Tc[, solution of (2.2). For T < Tc, X
T
t is a g(T − t)-Brownian motion
and //T0,t the assoiated parallel transport. In this ase, for a solution f(t, .) of
(3.3), f(T − t, XTt (x)) is a loal martingale for any x ∈ M . When going bak in
time, one has to remember all deformations of the geometry.
We now reall a well known lemma giving a Bismut type formula (e.g. [8℄).
Let f(t, .) and g(t) be solution of (3.3), T < Tc, and X
T
t (x) a g(T − t)-Brownian
motion.
Lemma 3.3 For all Rn-valued proess k suh that k ∈ L2loc(W ) where W is some
Rn-valued Brownian motion, and for all v ∈ TxM ,
Nt = df(T − t, .)XTt (x)(UTt )[(UT0 )−1v −
∫ t
0
krdr]
+ f(T − t, XTt (x))
∫ t
0
〈kr, dW 〉Rn
is a loal martingale.
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Proof : The rst remark after theorem 3.2 yield that the rst term is a semi-
martingale. By It alulus we get:
d(f(T − t, XTt (x))) = df(T − t, .)XTt (x)UteidW i.
With (li)i=1..n a g(T )-orthonormal frame of TxM , we write Nt as:
Nt =
∑
i(df(T − t, .)XTt (x)(UTt (UT0 )−1)li)(vi −
∫ t
0
〈UT0 (kr), li〉Tdr)
+ f(T − t, XTt (x))
∫ t
0
〈kr, dW 〉Rn
with 3.2:
dNt
dM≡ ∑i(df(T − t, .)XTt (x)(UTt (UT0 )−1)li)(−〈UT0 (kt), li〉Tdt)
+d(f(T − t, XTt (x)))〈kt, dW 〉Rn
dM≡ ∑i(df(T − t, .)XTt (x)(UTt (UT0 )−1)li)(−〈UT0 (kt), li〉Tdt)
+
∑
i df(T − t, .)XTt (x)(UTt li)dW i(
∑
j k
j
tdW
j)
dM≡ 0.
Remark : Sine T is smaller than the explosion time Tc, and by the om-
patness of M , Nt is learly a true martingale, so we ould use the martingale
property for global estimate, or the Doob optional sampling theorem for loal es-
timate (e.g. [23℄).
Corollary 3.4 Let v ∈ TxM , and take for example kr = (U
T
0
)−1v
T
1[0,T ](r) then:
df(T, .)xv =
1
T
∑
i
E[f0(X
T
T (x))〈(UT0 )−1v, ei〉RnWi(T )].
Proof : With the above remark, Nt is a martingale. The hoie of kr gives
(UT0 )
−1v − ∫ T
0
krdr = 0; the result follows by taking expetation at time 0 and T .
We an give the following estimate for the gradient of the solution of (3.3):
Corollary 3.5 Let ‖f‖∞ = supM |f0|. For T < Tc:
sup
x∈M
‖∇Tf(T, x)‖T is dereasing in time
and:
sup
x∈M
‖∇Tf(T, x)‖T ≤ ‖f‖∞√
T
.
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Proof : Take x ∈ M suh that ‖ ∇Tf(T, x) ‖T is maximal. Using the damped
parallel transport 3.2 we obtain that for all v ∈ TxM :
df(T − t, XTt (x))WT0,tv,
is a loal martingale. By ompatness, this is a true martingale. Taking v =
∇Tf(T, x) and averaging the previous martingale at time 0 and t we get:
‖ ∇Tf(T, x) ‖2T= E[〈∇T−tf(T − t, XTt (x)),WT0,tv〉T−t].
Using 3.2, we get the rst result.
If we hoose kr =
(UT
0
)−1v
T
1[0,T ](r) in 3.3, then Nt is a martingale. Taking
expetations at times 0 and T , we obtain
df(T, .)xv =
1
T
E[f0(X
T
T (x))
∫ T
0
〈UT0 )−1v, dW 〉Rn].
For x ∈M and v = ∇Tf(T, x), Shwartz inequality gives
‖ ∇Tf(T, x) ‖2T≤
M0
T
E
[∣∣∣∣∫ T
0
〈UT0 )−1v, dW 〉Rn
∣∣∣∣2
] 1
2
.
We have:
E
[∣∣∣∣∫ T
0
〈UT0 )−1v, dW 〉Rn
∣∣∣∣2
]
= T ‖ v ‖2T .
The result follows.
For geometri interpretation, let us give an example of normalized Rii ow
for surfaes (whih is ompletely understood e.g. [5℄). We are interested in this
example beause the equation for the salar urvature under this ow is a reation-
diusion equation whih is quite similar to the heat equation under Rii ow. We
will give a gradient estimate formula for the salar urvature under normalized
Rii ow whih gives in the ase χ(M) < 0 (the easiest ase) the onvergene of
the metri to a metri of onstant urvature.
The normalized Rii ow of surfaes omes from normalizing the metri by
some time dependent funtion to preserve the volume. Let M be a 2-dimensional
manifold, R(t) the salar urvature, r =
∫
M
Rtdµt/µt(M) its average (whih will
be onstant in time, as topologial onstant, e.g. Gauss-Bonnet). We get the
following equation for normalized Rii ow:
d
dt
gi,j(t) = (r − R(t))gi,j(t).
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Remark : Hamilton gives a proof of the existene of solutions to this equa-
tion, dened for all time ( e.g. [5℄)).
Reall that (e.g. [5℄) the equation for the salar urvature R is:
∂
∂t
R = ∆tR +R(R− r).
Proposition 3.6 Let T ∈ R, XTt (x) be a 12g(T − t)-BM(x), //T0,t the parallel trans-
port, v ∈ TxM and ϕtv the solution of the following equation:
//T0,td
(
(//T0,t)
−1ϕtv
)
= −
(
3
2
r − 2R (T − t, XTt (x)))ϕtv dt
ϕ0 = IdTxM .
Then dR(T − t, .)XTt (x)ϕtv is a martingale and:
‖∇TR(T, x)‖T ≤ sup
M
‖∇0R(0, x)‖0e− 32 rTE[e
R T
0
2R(T−t,XTt (x)) dt]. (3.4)
Proof : The proof is similar to the one in 3.2, the dierene is the reation term:
R(R−r). For notations and some details see the proof of 3.2. Take F : x 7→ x(x−r),
then:
∂
∂t
R = ∆tR + F (R).
We write:
dR(T − t, .) |XTt (x) ϕtv = 〈d˜R(T − t, UTt ), (UTt )−1ϕtv〉R2
where UTt is a diusion on F(M) with generator
∆HT−t +
1
4
(r −R(T − t, pi.))g(T − t)(evei ., evej .)Vi,j(.).
Using theorem 3.2, we have:
d〈d˜R(T − t, UTt ), (UTt )−1ϕtv〉R2
= 〈d(d˜R(T − t, UTt )), (UTt )−1ϕtv〉R2
+ 〈d˜R(T − t, UTt ), d((UTt )−1ϕtv)〉R2
dM≡
[ ∂
∂t
(dR(T − t, .)) + ∆T−tdR(t− t, .) + 1
2
(r −R(T − t, pi.))dR(T − t, .)
]
(ϕtv) dt
+ 〈d˜R(T − t, UTt ), d((UTt )−1ϕtv)〉R2
Using Weitzenbök formula and the equation for R we get:
∂
∂t
dR(T−t, .) = −[∆T−tdR(T−t, .)−RiT−t dR(T−t, .)+F ′(R(T−t, .))dR(T−t, .)]
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Reall that for the surfae:
RiT−t dR(T − t, .) = 1
2
R(T − t, .)dR(T − t, .),
onsequently
d〈d˜R(T − t, UTt ), (UTt )−1ϕtv〉R2
dM≡ (1
2
r − F ′(R(T − t, .))dR(T − t, .))(ϕtv) dt+ 〈d˜R(T − t, UTt ), d((UTt )−1ϕtv)〉R2
dM≡ (1
2
r − 2R(T − t, .) + r)dR(T − t, .))(ϕtv) dt
+ 〈d˜R(T − t, UTt ), (UTt )−1(−
3
2
r + 2R(T − t, .))ϕtv)〉R2
dM≡ 0,
where we used the equation of ϕtv in the last step.
For the seond part of the proposition, with the equation for ϕtv we have:
d(‖ ϕtv ‖2T−t) = (4R(T − t, XTt (x)− 3r) ‖ ϕtv ‖2T−t dt,
so that
‖ ϕTv ‖20=‖ ϕ0v ‖2T e−3rT e
R T
0
4R(T−s,XTs (x)) ds.
Take v = ∇TR(T, x) and average at time 0 and T (it is a true martingale
beause all oeients are bounded) to get:
‖∇TR(T, x)‖T ≤ sup
M
‖∇0R(0, x)‖0e− 32 rTE[e
R T
0
2R(T−s,XTs (x)) ds].
Remark : For reation-diusion equations we an nd by this alulation
the orretion to the parallel transport leading to a Bismut type formula for the
gradient of the equation:
∂
∂t
f = ∆tf + F (f), (3.5)
where ∆t is a Laplae Beltrami operator assoiated to a family of metris g(t).
Let XTt (x) be a
1
2
g(T − t) − BM(x), //T0,t the assoiated parallel transport and
v ∈ TxM . Consider the ovariant equation:
//T0,td(//
T
0,t)
−1Θtv = −
(
Ri
#,T−t−1
2
[ ∂
∂t
(g(T − t))
]#,T−t
− F ′(f)
)
Θtv dt
Then for f a solution of (3.5) and v ∈ TxM we obtain that:
df(T − t, .)Θtv
is a loal martingale.
19
Corollary 3.7 For χ(M) < 0, there exists C > 0 depending only on g(0), suh
that:
‖∇TR(T, x)‖T ≤ sup
M
‖∇0R(0, x)‖0 e 12 rT e2C( e
rT
−1
r
).
Proof : We use proposition 5.18 in [5℄. In this ase we have r < 0 and a on-
stant C > 0 depending only on the initial metri suh that R(t, .) ≤ r + Cert and
the estimate follows from previous proposition.
Remark : For the ase χ(M) < 0 we obtained an estimate whih dereases
exponentially. For the ase χ(M) > 0 one ould ontrol the expetation in (3.4).
4 The point of view of the stohasti ow
Let g(t)[0,Tc[ be a C
1,2
family of metris, and onsider the heat equation:{
∂tf(t, x) =
1
2
∆tf(t, x)
f(0, x) = f0(x),
(4.1)
where f0 is a funtion over M . We suppose that the solution of this equation exists
until Tc. For T < Tc, let X
T
t be a g(T−t)-Brownian motion and //T0,t the assoiated
parallel transport.
We will build (.f. (4.2)) a family of semimartingales (T − t, XTt (x)) suh
as XTt (x) is a g(T − t)-BM(x) for all x nearby x0 and suh that the family of
martingales f(T − t, XTt (x))x is dierentiable at x0 with respet to the parameter
x. However, in this setion, we will not do it diretly using stohasti ows in the
sense of [20℄. Instead, we will use dierentiation of families of martingales dened
as limit in some semi-martingale spae (the topology is as in [11℄ whih has been
extended by Arnaudon, Thalmaier to the manifold ase [4℄, [3℄, [1℄, [2℄).
We work in the spae-time I×M , its tangent bundle being identied to TI×TM
endowed with the ross onnetion ∇˜ = ∇⊗∇T−t where ∇ is the at onnetion.
Let XTt (x0) be a g(T − t)-BM started at x0, and dene Yt(x0) = (t, XTt (x0)) a
I×M-valued semi martingale. From now on P ∇˜X,Y stands for the parallel transport
along the shortest ∇˜-geodesi between nearby points X ∈ I ×M and Y ∈ I ×M
for the onnetion ∇˜.
Let c˜ a urve in I ×M , we write P ∇˜c˜ for the ∇˜ parallel transport along c˜ and
for a urve c in M we denote by //T−sc the ∇T−s parallel transport along c. We
also denote pi : I ×M → M the natural projetion.
For a urve γ : t −→ (s, xt) in I ×M , where s is a xed time, we have the
following observation:
P ∇˜γ = (Id, //
T−s
pi(γ)).
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Dene the It stohasti equation in the sense of [13℄:
d∇˜Yt(x) = P
∇˜
Yt(x0),Yt(x)
d∇˜Yt(x0) (4.2)
Remark : The above equation is well dened, for x suiently lose to x0,
beause dT−t(Xt(x), Xt(x0)) is a nite variation proess, with bounded derivative
(by a short omputation and [18℄, [6℄).
Let /˜/0,t be the parallel transport, assoiated to the onnetion ∇˜, over the semi
martingale Yt(x0).
In the next lemma, we will explain the relationship between the two parallel
transport /˜/0,t and //
T
0,t.
Lemma 4.1 Let (ei)i=1..n be a orthonormale of (Tx0M, g(T )) then
d((//T0,t)
−1dpi/˜/0,t)(0, ei) =
1
2
(//T0,t)
−1(
∂
∂t
g(T − t))#T−t(dpi/˜/0,t(0, ei)) dt.
Proof : The parallel transport /˜/0,t does not modify the time vetor, i.e.,
/˜/
−1
(t,Xt)
(0, ...) = (0, ...),
as an be shown for every urves, and hene for the semi-martingale Yt by the
transfer priniple.
We identify T˜ = {(0, v) ∈ T(0,x0)I×M} and Tx0M with the help of (0, v) 7−→ v.
Hene
(//T0,t)
−1dpi/˜/0,t : T˜ → Tx0M
beomes an element in Mn,n(R).
Reall that //T0,t = U
T
t U
T,−1
0 . By denition of D
S,t
given in (1.2). We get using
the shorthand ei = U
T
0 e˜i, with (e˜i)i=1..n an orthonormal frame of R
n
,
∗d((//T0,t)−1dpi/˜/0,t) = ∗d(〈(//T0,t)−1dpi/˜/0,tei, ej〉T )i,j
= ∗d(〈dpi/˜/0,tei, //T0,tej〉T−t)i,j
=
(
〈DS,T−tdpi/˜/0,tei, UTt e˜j〉T−t
+
∂
∂t
(g(T − t))(dpi/˜/0,tei, UTt e˜j) dt
+〈dpi/˜/0,tei, DS,T−tUTt e˜j〉T−t
)
i,j
.
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We also have:
DS,T−tdpi/˜/0,tei = V−1dpi/˜/
0,tei
((∗d(dpi/˜/0,tei))vT−t)
= V−1
dpi/˜/
0,tei
((ddpid evei(∗d/˜/0,t))vT−t)
= V−1
dpi/˜/
0,tei
(ddpi(d evei(∗d/˜/0,t))v˜)
= 0.
Where we have used in the last equality the fat that /˜/0,t is the ∇˜ horizontal lift
of Yt. The third one may be seen for urves, it omes from the denition of ∇˜.
Following omputations similar to one in the rst setion, we have by (1.5):
∗d((//T0,t)−1dpi/˜/0,t)i,j = ∂∂t g(T − t)(dpi/˜/0,tei, UTt e˜j) dt
+ 〈dpi/˜/0,tei, DS,T−tUTt e˜j〉T−t
= ∂
∂t
g(T − t)(dpi/˜/0,tei, UTt e˜j) dt
+ 〈dpi/˜/0,tei,−12
∑d
α=1
∂
∂t
g(T − t)(UTt e˜j , UTt e˜α)UTt e˜α〉T−t dt
= ∂
∂t
g(T − t)(dpi/˜/0,tei, UTt e˜j) dt
− 1
2
∑d
α=1
∂
∂t
g(T − t)(UTt e˜j , UTt e˜α)〈dpi/˜/0,tei, UTt e˜α〉T−t dt
= 1
2
∂
∂t
g(T − t)(dpi/˜/0,tei, UTt e˜j) dt.
In the general ase, and by previous identiation:
d((//T0,t)
−1dpi/˜/0,t)(0, ei) =
1
2
∑
j
∂
∂t
g(T − t)(dpi/˜/0,tei, UTt e˜j)ej dt (4.3)
=
1
2
(//T0,t)
−1(
∂
∂t
g(T − t))#T−t(dpi/˜/0,t(0, ei)) dt.(4.4)
.
Dierentiating (4.2) along a geodesi urve beginning at (0, x0) with veloity
(a, v) ∈ T0I × Tx0M and using orollary 3.17 in [3℄ we get:
/˜/0,td
(
/˜/
−1
0,tTYt(a, v)
)
= −1
2
R˜(TYt(a, v), dYt(x0))dYt(x0),
where R˜ is the urvature tensor.
Let v ∈ TxM we write:
TXtv := dpiTYt(0, v).
In a more anonial way than theorem 3.2, we have the following proposition.
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Proposition 4.2 For all v ∈ TxM we have:
d((//T0,t)
−1TXtv) =
1
2
(//T0,t)
−1((
∂
∂t
g(T − t))−RiT−t)#,T−t(TXtv) dt.
Proof : For a triple of tangent vetors (Lt, L), (At, A), (Zt, Z) ∈ TI × TM , we
have:
R˜((Lt, L), (At, A))(Zt, Z) = (0, RT−t(L,A)Z).
Hene, aording to the relation dY (x0) = (dt, ∗dXt) = (dt, //T0,tei ∗ dW i) and the
denition of the Rii tensor:
/˜/0,td
(
/˜/
−1
0,tTYt(0, v)
)
= −1
2
(0,Ri#T−t(TXtv)) dt. (4.5)
In order to ompute in Rn, we write:
(//T0,t)
−1TXtv = ((//
T
0,t)
−1dpi/˜/0,t)(/˜/
−1
0,tTYt(0, v)). (4.6)
By (4.5), we have d
(
/˜/
−1
0,tTYt(0, v)
) ∈ dA where A is the spae of nite variation
proesses. We get:
d((//T0,t)
−1TXtv) = d((//
T
0,t)
−1dpi/˜/0,t)(/˜/
−1
0,tTYt(0, v))+((//
T
0,t)
−1dpi/˜/0,t)d(/˜/
−1
0,tTYt(0, v)).
By (4.6) and lemma 4.1 we get:
d((//T0,t)
−1TXtv) = ∗d((//T0,t)−1dpi/˜/0,t)(/˜/
−1
0,tTYt(0, v))
+ ((//T0,t)
−1dpi/˜/0,t) ∗ d(/˜/
−1
0,tTYt(0, v))
= ∗d((//T0,t)−1dpi/˜/0,t)(/˜/
−1
0,tTYt(0, v))
− 1
2
((//T0,t)
−1dpi)(0,Ri#,T−t(TXtv) dt
= 1
2
(//T0,t)
−1( ∂
∂t
g(T − t))#T−t(TXtv) dt
− 1
2
(//T0,t)
−1
Ri
#,T−t(TXtv) dt.
For all f0 ∈ C∞(M), and for f(t, .) a solution of (3.3), f(T − t, XTt (x)) is a
martingale, where (T−t, XTt (x)) = Yt(x) is built as in (4.2). We have the following
orollary whih agrees with theorem 3.2.
Corollary 4.3 For all v ∈ TxM :
df(T − t, XTt (x))v = df(T − t, .)XTt (x)//T0,tv,
is a martingale.
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Proof : By dierentiation under x of f(T−t, XTt (x)), we get a loal martingale.
Aording to [3℄ and by hain rule for dierential we get the orollary. This result
mathes 3.2 after using the above proposition.
In an anonial way, we have the following result.
Theorem 4.4 The following onditions are equivalent for a family g(t) of metris:
i) g(t) evolves under the forward Rii ow.
ii) For all T < Tc we have //
T
0,t =W
T
0,t = TXt.
iii) For all T < Tc, the damped parallel transport W
T
0,t is an isometry.
Proof : Here, the forward Rii ow has probabilisti onvention (2.2). The
result follows by the equation of g(t) and by proposition 4.2 and theorem 3.2.
5 Seond derivative of the stohasti ow
We take the dierential of the stohasti ow in order to obtain a intrinsi mar-
tingale. We take the same notation as the previous setion, and g(t) is a family of
metris oming from a forward Rii ow. Let XTt (x) be the g(T−t)-BM started at
x, onstruted as in the previous setion by the parallel oupling of a g(T − t)-BM
started at x0 ( 4.2 ), ∇˜ and Yt(x) = (t, XTt (x)) as before, dene the intrinsi trae
(that do not depend on the hoie of Ei as below):
Tr∇.TXt(x0)(.) := dpi
(∑
i
∇˜(0,ei)TYt(x)(0, Ei(x))− TYt(x)∇˜(0,ei)(0, Ei(x))
)
where (ei) is a (Tx0M, g(T )) orthonormal basis, Ei are vetors elds in ΓTM suh
that Ei(x0) = ei and ∇˜(0,ei)TYt(x)(0, Ei(x)) is a derivative of a bundle-valued
semi-martingale in the sense of ([4℄, [3℄, [1℄). By 4.4:
Tr∇.TXt(x0)(.) := dpi
∑
i
∇˜(0,ei)TYt(x)(0, Ei(x))− //T0,tdpi(
∑
i
∇˜(0,ei)(0, Ei(x)))
Theorem 5.1 Let Lt := (//
T
0,t)
−1
Tr∇.TXt(x0)(.) be a (Tx0M, g(T ))-valued pro-
ess, started at 0. Then:
i) Lt is a (Tx0M, g(T ))-valued martingale, independent of the hoie of Ei.
ii) The g(T )-quadrati variation of L is given by d[L, L]t =‖ RiT−t(Xt(x0)) ‖2T−t
dt.
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Proof : Reall that by the same onstrution of the previous setion:
D˜(TYt(x)(0, Ei(x))) = −1
2
R˜(TYt(x)(0, Ei(x)), dYt(x))dYt(x).
By the general ommutation formula (e.g. theorem 4.5 in [4℄), and by the previous
equation whih anels two terms in this formula, we get:
D˜∇˜(0,ei)(TYt(x)(0, Ei(x))) =∇˜(0,ei)D˜(TYt(x)(0, Ei(x)))
+ R˜(d∇˜Yt(x0), TYt(x0)(0, ei))TYt(x0)(0, ei)
− 1
2
∇˜R˜(dYt(x0), TYt(x0)(0, ei), dYt(x0))TYt(x0)(0, ei)
=− 1
2
∇˜(0,ei)(R˜(TYt(x)(0, Ei(x)), dYt(x))dYt(x))
+ R˜(d∇˜Yt(x0), TYt(x0)(0, ei))TYt(x0)(0, ei)
− 1
2
(∇˜dYt(x0)R˜)(TYt(x0)(0, ei), dYt(x0))TYt(x0)(0, ei).
Taking trae in the previous equation we an go one step further. Reall that
(ei)i=1..n is a orthogonal basis of (Tx0M, g(T )), and write for notation:
R˜i
#
(t,x)(V ) = (0,Ri
#T−t(dpiV )),
then: ∑
i D˜∇˜(0,ei)(TYt(x)(0, Ei(x)))
= −1
2
∑
i ∇˜(0,ei)(R˜i
#
Yt(x)(TYt(x)Ei(x)))
+
∑
i R˜(d
∇˜Yt(x0), TYt(x0)(0, ei))TYt(x0)(0, ei)
−1
2
∑
i(∇˜dYt(x0)R˜)(TYt(x0)(0, ei), dYt(x0))TYt(x0)(0, ei)
= −1
2
∑
i(∇˜(TYt(x0)(0,ei))R˜i
#
)(TYt(x0)(0, ei))
−1
2
(R˜i
#
Yt(x0)
(
∑
i ∇˜(0,ei)TYt(x)(0, Ei(x)))) + R˜i
#
Yt(x0)
(d∇˜Yt(x0))
−1
2
∑
i(∇˜dYt(x0)R˜)(TYt(x0)(0, ei), dYt(x0))TYt(x0)(0, ei).
In the last equality, we use the hain derivative formula, and derivation is taking
with respet to x . We will make an independent omputation for the last term in
the previous equation. Let Tr stand for the usual trae:∑
i(∇˜dYt(x0)R˜)(TYt(x0)(0, ei), dYt(x0))TYt(x0)(0, ei)
=
∑
i(0, (∇T−tdXtRT−t)(TXt(x0)ei, dXt)TXt(x0)ei)
=
∑
i,j(0, (∇T−t//T
0,tej
RT−t)(TXt(x0)ei, //
T
0,tej)TXt(x0)ei) dt
=
∑
j(0,Tr1,3(∇T−t//T
0,tej
RT−t)(//T0,tej)) dt
=
∑
j(0, (∇T−t//T
0,tej
Tr1,3R
T−t)(//T0,tej)) dt
= −∑j(0, (∇T−t//T
0,tej
Ri
#T−t)(//T0,tej)) dt,
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where we have used in the seond equality the fat that in ase of the forward
Rii ow //T0,t is a g(T − t) isometry and dX = //T0,tejdW j. In the last equality we
use the ommutation between trae and ovariant derivative (for example [21℄, or
[19℄). Note that: ∑
i(∇˜(TYt(x0)(0,ei))R˜i
#
)(TYt(x0)(0, ei))
=
∑
i(0, (∇T−tTXt(x)ei Ri
#T−t
XTt (x)
)(TXt(x)ei)) dt
Hene, using 4.4:
D˜(
∑
i ∇˜(0,ei)TYt(x)(0, Ei(x)))
= −1
2
(R˜i
#
Yt(x0)
(
∑
i ∇˜(0,ei)TYt(x)(0, Ei(x)))) + R˜i
#
Yt(x0)
(d∇˜Yt(x0))
Write, for simpliity, B for
∑
i ∇˜(0,ei)TYt(x)(0, Ei(x)). We ompute:
d(//T,−10,t dpiB) = d([//
T,−1
0,t dpi/˜/0,t][(/˜/0,t)
−1B])
= 1
2
//T,−10,t (∂tg(T − t))#,T−t(dpiB) dt
+//T,−10,t (−12dpi(R˜i
#
(B)) + dpi(R˜i
#
Yt(x0)
(d∇˜Yt(x0))))
= //T,−10,t (dpiR˜i
#
Yt(x0)
(d∇˜Yt(x0)))
=
∑
i //
T,−1
0,t Ri
#T−t
XTt (x)
(//T0,tei)dW
i,
where we have used lemma 4.1 in the rst equality. We get a intrinsi martingale
that does not depend on Ei, starting at 0. By the denition in theorem 5.1 and by
the formula preeding theorem 5.1, the above alulations yield:
Lt =
∫ t
0
∑
i
//T,−10,t Ri
#T−t
XTt (x)
(//T0,tei)dW
i − dpi(
∑
i
∇˜(0,ei)(0, Ei(x))).
For the g(T )-quadrati variation of Lt we use the isometry property of the parallel
transport; we ompute the quadrati variation:
d[L, L]t = 〈//T,−10,t Ri#T−tXTt (x)(//
T
0,tei), //
T,−1
0,t Ri
#T−t
XTt (x)
(//T0,tei)〉T dt
=
∑
i ‖ Ri#T−tXTt (x)(//
T
0,tei) ‖2g(T−t) dt
= |||Ri#T−t
XTt (x)
|||2T−t dt;
where |||.||| is the usual Hilbert-Shmidt norm of linear operator. By the indepen-
dene of the hoie of the orthonormal basis we an express this norm in terms of
the eigenvalues of the Rii operator:
d[L, L]t =
∑
i
λ2i (T − t, XTt (x)) dt.
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Remark : We ould hoose Ei suh that ∇˜(0,ei)(0, Ei(x)) = 0 that do not
hange the martingale L, but give a simple version.
Remark : This martingale an be used to look at the behavior at point where
the rst singularity of the Rii ow ours, i.e. where the norm of the Riemannian
urvature explodes ([5℄,[2℄).
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